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Abstract We describe an immersed-boundary technique
which is adopted from the direct-forcing method. A virtual
force based on the rate of momentum changes of a solid
body is added to the Navier–Stokes equations. The projec-
tion method is used to solve the Navier–Stokes equations.
The second-order Adam–Bashford scheme is used for the
temporal discretization while the diffusive and the convec-
tive terms are discretized using the second-order central dif-
ference and upwind schemes, respectively. Some benchmark
problems for both stationary and moving solid object have
been simulated to demonstrate the capability of the current
method in handling fluid–solid interactions.

Keywords Immersed-boundary · Direct-forcing ·
Virtual force · Projection method

1 Introduction

Interactions between fluids and structures are frequently
encountered in nature. In many engineering applications,
in terms of computational fluid dynamics, these problems
require modeling of complex geometries. The common
method to simulate the flow with a complex boundary is
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the body-fitted or unstructured grid methods. However, these
method need high computational cost and memory require-
ments, especially in the case of a moving body due to transient
re-meshing strategies at each time step.

In particular, the immersed boundary method has been
getting popular in the last few years since it was introduced
by Peskin [14] due to its ability to handle simulations for
a moving complex boundary with less computational cost
and memory requirements than the body-fitted method. The
numerical implementation of an immersed boundary method
employs a fixed Cartesian grid for a fluid and a Lagrangian
grid for an immersed boundary. The immersed boundary is
modeled by a singular force which is incorporated into the
forcing terms, f , in the Navier–Stokes equations. The inter-
action between the fluid and the immersed boundary is linked
through the spreading of the singular force from the Lagrang-
ian grid to the Cartesian grid and the interpolation of the
velocity from the Cartesian grid to the Lagrangian grid using
a discrete Dirac delta function. Furthermore, some modifica-
tions and improvements of this method have been proposed
by some other manuscripts [7,8,11,16,17]. These methods
can be categorized as continuous forcing method wherein a
forcing term is added to the continuous Navier–Stokes equa-
tions before they are discretized.

Instead of using a delta function to distribute force from a
Lagrangian grid to a Cartesian grid, Yusof [23] introduced a
new immersed boundary method, namely the direct-forcing
method. This method uses a forcing term determined by the
difference between the interpolated velocities on the bound-
ary points and the desired boundary velocities. This method
is also known as the discrite forcing method since the forc-
ing is either explicitly or implicitly applied to the discretized
Navier–Stokes equations. The idea of the direct-forcing
method has been used and developed successfully in some
applications [6,19,20,24,25].
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One of the successful applications of the direct-forcing
idea is the method introduced by Fadlun et al. [6]. They devel-
oped combined immersed boundary finite difference meth-
ods for three dimensional complex flow simulations. Some
cases including the flow inside an IC piston/cylinder assem-
bly at high Reynolds number were simulated successfully.
The major issue of their work is the interpolation of the forc-
ing over the grid that determines the accuracy of the scheme.
They implemented three different procedures, i.e., no inter-
polation or stepwise geometry, volume fraction weighting
and velocity interpolation. They calculated the effect of those
procedures on the accuracy of the scheme and found that the
last procedure which has a second order accuracy gave the
best results.

In this present work, we propose an immersed boundary
method to simulate fluid–solid interaction by adopting the
direct-forcing method. A virtual force term is added to the
incompressible Navier–Stokes equations in order to accom-
modate interaction between solids and fluids. The body is
identified by a volume-of-body function, η. The body inte-
rior is viewed as being occupied by the same incompress-
ible fluids as outside with a prescribed velocity field. Since
the body velocity is assumed to be incompressible, the pres-
sure field inside the body obeys the same governing equa-
tion as the pressure outside. η denotes a fraction of solids
within a cell where η equal to 1 and 0 for solid and fluid
cells, respectively, and be fractional on boundary cells. In
the case of a moving object, for making the scheme straight-
forward and robust, we ignore the fractional value of η. The
values of η is either 1 or 0 only. As an example, for the
case of a circular cylinder, we defined η by following
the function

η (x, y, t) =
{

1, (x − xc(t))2 + (y − yc(t))2 ≤ R2

0, (x − xc(t))2 + (y − yc(t))2 > R2
(1)

where xc(t) and yc(t) are the x and y coordinates of the
center of the cylinder at particular time t , respectively, and
R is the radius of the cylinder. Furthermore, the cells num-
ber 1 and 3 in Fig. 1 belong to fluids (η = 0), on the other
hand, the cells number 2 and 4 belong to solid (η = 1).
It is the reason that we chose the volume of solid (VOS)
method instead of using a velocity interpolation method even
thought the later as reported by Fadlun et al. [6] is bet-
ter in accuracy. The accuracy of the present method can be
enhanced by implementing a fine grid arrangement near by
the solid–fluid boundary [10]. Details of the numerical proce-
dure are presented in the following section. Finally we simu-
lated problems including moving body cases to demonstrate
the capability of the present method in handling fluid–solid
interactions.
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Fig. 1 Computational cells around solid–fluid boundary

2 Numerical method

The non-dimensional governing equations for an unsteady
incompressible fluid flow can be written as follows,

∂u
∂t

+ ∇ · (uu) = −∇ p + 1

Re
∇2u + f (2)

∇ · u = 0, (3)

where u is the velocity vector, p is the pressure, f is the virtual
force term and Re is the Reynolds number.

2.1 Numerical procedure

We use a three-step time-split scheme to advance the flow
field. First the velocity is stepped from the nth time level
to the first intermediate level “*” by solving the advection-
diffusion equations without the pressure and virtual force for
the momentum Eq. 2. Subsequently, this step can be stated
in the following forms

u∗ − un

�t
= Sn, (4)

where S is the convective and diffusive terms of the momen-
tum equations. We use the second-order Adam–Bashford
method for the temporal discretization in such a way that
term S can be rewritten as

Sn = 3

2

(
−∇ · (uu) + 1

Re
∇2u

)n

−1

2

(
− ∇ · (uu) + 1

Re
∇2u

)n−1

. (5)

The convective and diffusive terms of the momentum equa-
tions are discretized using the second-order upwind and the
central difference scheme, respectively, which are briefly
given below.
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At the x-direction, for example, the convective terms are
u∂u/∂x + v∂u/∂y. Therefore, the discretization becomes

u
∂u

∂x
= 1

2�x

(
u+ (

3ui, j − 4ui−1, j + ui−2, j
)

+ u− (−ui+2, j + 4ui+1, j − 3ui, j
))

(6)

where u+ = 0.5(ui, j + |ui, j |) and u+ = 0.5(ui, j − |ui, j |).
Similarly for other components and directions.

On the other hand, the diffusive term is discretized by the
second-order central difference scheme, for the x-direction,

∂2u

∂x2 = ui+1, j − 2ui, j + ui−1, j

�x2 and

∂2u

∂y2 = ui, j+1 − 2ui, j + ui, j−1

�y2 . (7)

Similarly for the other directions.
The intermediate velocity in Eq. 4, in general, does not

satisfy the divergence-free condition in Eq. 3. At the second
step we march the first intermediate velocity by including the
pressure term

u∗∗ − u∗

�t
= −∇ pn+1. (8)

Applying the divergence on both sides of Eq. 8 becomes

∇ · u∗∗ − ∇ · u∗

�t
= −∇2 pn+1. (9)

Due to conservation of mass we have

∇ · u∗∗ = 0. (10)

Then substitution of Eq. 10 to Eq. 9 gives the Poisson equa-
tion

∇2 pn+1 = 1

�t
∇ · u∗. (11)

Once Eq. 11 is solved, we can advance the intermediate
velocity in Eq. 8. Furthermore, we update the velocity to the
(n + 1)th time level by imposing the force term as follow

un+1 − u∗∗

�t
= fn+1. (12)

The terms u∗ and u∗∗ are the first and the second intermedi-
ate velocity, respectively. The pressure term in Eq. 9 is deter-
mined by solving the Poisson problem in Eq. 11 that arises
from applying the discrete divergence operator and using the
fact that we want to satisfy the condition in Eq. 3.

2.2 The virtual force treatment

The virtual force term, f , in Eq. 2 represents the action of a
solid upon a fluid. This force reveals the existence of resultant
force to hold or drive a solid body when it is stationary or
moving. To satisfy the no-slip boundary condition for solid
motion, the force acting on the solid should ensure that the

fluid velocity (u) equal to the solid velocity (us) at the (n +
1)th time step, i.e., un+1 = un+1

s . Thence, the virtual force
is defined as the rate of momentum changes of solid body
and proportional the difference between the solid velocity at
the (n + 1)th time step and the fluid velocity at the nth time
step. This force exists on the solid body and zero elsewhere.
Furthermore, it can be simply written as

fn+1 = η
un+1 − un

�t
= η

un+1
s − un

�t
, (13)

where us is the prescribed velocity of a solid body. We use
a staggered grid arrangement, i.e., the pressure is located at
the center of the cell while the velocities are placed at the
faces of the cell. Note that u in Eq. 13 is the velocity at the
center of the cell which is interpolated from its faces.

The scheme is simple since there is no special treatment to
couple the solid–fluid interface. At any particular time, any
location/cell within computational domain which has η = 1
is judged as a solid cell and it is considered as the same
incompressible fluid as outside with a prescribed velocity as
mentioned before. The pressure field inside the body (solid)
is treated as same as the pressure field outside (fluid). The dif-
ferent between moving body cases and stationary body cases
in the proposed method is the definition of us in Eq. 13.
us(x, y, t) is given for moving object cases and it is van-
ished for the stationary ones. Therefore, for the same grid
size, there is no different computational time between sta-
tionary and moving body cases due to a fixed grid arrange-
ment. Subsequently it reduces computational cost and mem-
ory requirements, especially for moving object cases. Any-
way, apart from the simplicity and advantages mentioned
above, the application of the present method is limited only
for the cases with a prescribed velocity of solids.

Instead of using the integration method over a solid sur-
face, especially for the case of a moving object, it is more
convenient and easier to transform it into a volume integral
over the body volume in such a way that the forces acting on
the immersed body can be calculated as

f =
N∑

i=1

fi�∀i , (14)

where �∀i and N are volume of i th cell and total number of
cells, respectively.

Finally, a complete numerical procedure for each time step
of the proposed method is given below

1. Detect the location of boundary cells and determine
η(x, y, t).

2. Calculate the first intermediate velocity in Eq. 4.
3. Solve the Poisson equation (Eq. 11) and advance the

intermediate velocity (Eq. 8).
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4. Calculate the virtual force (Eq. 13). Immediately after we
have the calculated force, the drag and lift force acting
on the solid can be easily obtained by taking summation
of these forces in x- and y-directions (Eq. 14).

5. Update velocity using the calculated virtual force
(Eq. 12).

6. Repeat the same procedures (1–5) for the next time step.

3 Numerical results and discussion

3.1 The flow past a stationary circular cylinder

The flow past a stationary circular cylinder immersed in
an unbounded uniform flow has been investigated experi-
mentally [3,18,21] and numerically [1,2,4,15,22]. It is a
benchmark problem for numerical validation. We consider
simulations at Reynolds numbers of Re = 40 and Re = 100
to validate the present numerical method.

The instantaneous streamline contours for both cases are
presented in Figs. 2 and 3. It is well known that at low Re, the
flow pattern remains symmetric with stationary recirculating
vortices behind the cylinder (Fig. 2). Increasing of Re leads
to the instability of flow structures, a pair of symmetrical
vortices behind cylinder breaks down and the vortex starts
to shed up and down alternatively (Fig. 3). This shedding
frequency can be revealed as an dimensionless frequency,
namely Strouhal number.

The comparison of the drag coefficient (CD), the recircu-
lation length (lw) and the Strouhal number (St ) with some
previous studies is shown in Table 1. Since the proposed
model is established for an unsteady flows, it is interesting
to check if the present numerical method can correctly pre-

Fig. 2 Instantaneous streamlines, Re = 40

Fig. 3 Instantaneous streamlines, Re = 100

Table 1 The comparison of average drag coefficients, recirculation
length and Strouhal number at Re = 40 and Re = 100

Authors Re = 40 Re = 100

CD lw CD St

Borthwick [1] 1.507 – – –

Tritton [18] 1.480 – – –

Chern et al. [2] 1.480 2.20 – –

Dennis and Chang [4] 1.522 2.35 – –

Su et al. [17] 1.630 – 1.40 0.168

Dias and Majumdar [5] 1.540 2.69 1.395 0.171

Pan [13] 1.510 2.18 1.32 0.16

Tseng and Ferziger [19] 1.530 2.21 1.42 0.164

Present study 1.560 2.219 1.4 0.167

t

l w
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Coutanceau et al. [3]
Rosenfeld et al. [13]
Present

Fig. 4 Wake evolution, Re = 40

dict the complete flow evolution process. The instantaneous
wake length, lw, may be considered an evolution parameter.
Figure 4 illustrates the wake evolution at Re = 40 obtained
using several experimental and numerical models. It is found
that our results have a good agreement with those of the pre-
vious results.

3.2 The flow past stationary circular cylinders in tandem
arrangement

We simulated flow over circular cylinders in a tandem
arrangement at Re = 200. The center to-center distance (L)
equal to 3D and 4D are chosen to cover the critical spacing
and comparable with the previous study [12]. The instanta-
neous vorticity contours for both cases are showed in Fig. 5
while the drag coefficients (CD) and Strouhal numbers (St )
are presented in Table 2.

For the case of L/D = 3, the cylinders act as a single body.
The separating shear layer from the upstream cylinder covers
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Fig. 5 Instantaneous
streamlines and vorticity
contours, Re = 200, L/D = 3.0
(le f t) and L/D = 4.0 (right)

Table 2 Average drag coefficients and Strouhal numbers for cylinder
in tandem arrangement at Re = 200

L/D Meneghini et al. [12] Present study

CD1 CD2 St CD1 CD2 St

3.0 1.0 −0.08 0.125 0.992 −0.11 0.127

4.0 1.18 0.38 0.174 0.119 0.381 0.178

Index 1 refers to the upstream cylinder and index 2 to the downstream
cylinder

the downstream cylinder with only one vortex wake forming
behind the downstream cylinder. The drag coefficient of the
downstream cylinder is lower than the upstream one and has
a negative value since it is placed in a low pressure region
inside the wake behind the upstream cylinder. As the spacing
increases to L/D = 4, vortex shedding occurs from both cyl-
inders. The wake behind the downstream cylinder is formed
by the combination of vortex shed from the upstream and the
downstream cylinder.

Comparing with L/D =3, the drag coefficient of upstream
cylinder increases and the drag of the downstream cylinder
become positive even though it is lower than the upstream
one. The values of CD and St in Table 2 showed that the
present simulations have a good agreement with those of the
previous study [12].

3.3 The flow past stationary circular cylinders
in side-by-side arrangement

We also simulated the flow over circular cylinders in a side-
by-side arrangement. The flows at Re = 200 with the spac-
ing of 1.5 and 3 are presented to compare with the previous
study [12]. The vorticity contours and the drag coefficients
are presented in Fig. 6 and Table 3, respectively.

Table 3 Average drag coefficients and Strouhal numbers for cylinder
in side-by-side arrangement at Re = 200

L/D Meneghini et al. [12] Present study

CD1 CD2 CD1 CD2

3.0 1.32 1.32 1.342 1.342

4.0 1.41 1.41 1.421 1.421

Index 1 refers to the upper cylinder and index 2 to the lower cylinder

Simulation at a small gap (L/D = 1.5), showed that the
wake behavior has a similar behavior with a single cylinder.
The wake which is deflected towards one of the cylinders
increases the drag compare to a single cylinder. In our sim-
ulation for L/D = 3, the wakes behind each cylinder are
asymmetrical and has the drag coefficient larger than the
simulation for L/D = 1.5. It was noted that for both cases,
the drag coefficient of the upper and the lower cylinder are
the same and deal with the result of [12] as shown in Table 3.

3.4 The flow past an in-line oscillating cylinder

To further demonstrate the performance of the present
method, we undertook simulation for the flow past an in-line
oscillating cylinder at Reynolds number 100. The cylinder

Table 4 The comparisons of lift and drag coefficients of in-line oscil-
lating cylinder at Re = 100

Hurlbut et al. [9] Su et al. [17] Present study

fc/ fs 0 2 0 2 0 2

CD 1.4 1.7 1.41 1.68 1.413 1.671

CLmax 0.34 0.97 0.31 0.95 0.325 0.982

Fig. 6 Instantaneous
streamlines and vorticity
contours, Re = 200, L/D = 1.5
(le f t) and L/D = 3.0 (right)
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Fig. 7 The instantaneous
vorticity contours near the
oscillating cylinder at
Re = 100;
dotted and solid lines denote
negative and positive contours:
a t = T/4, b t = T/2,
c t = 3T/4, d t = T (T is the
oscillation period of the
cylinder)

is oscillated parallelly to the free stream at a frequency ( fc)
equal to two times the vortex shedding frequency ( fs) of the
single fixed cylinder ( fc = 2 fs). This kind of simulation
has been performed numerically by Hurlbut et al. [9] and Su
et al. [17]. The cylinder is set to move horizontally follow-
ing the equation of motion, i.e., U(x) = 0.14D cos(2π fct),
where the amplitude of the oscillation is 0.14 of the cylinder
diameter D. In our simulation, U(x) denotes us in Eq. (13).

It is known that the in-line oscillation of the cylinder at a
range near twice the shedding frequency of the stationary cyl-
inder causes the synchronization, subsequently increase both
the drag and lift force acting on the cylinder. The comparison
of the calculated drag and lift coefficients with the previous
study is presented in Table 4 and showed that the synchroni-
zation was successfully captured using the proposed method.
The instantaneous vorticity contours during a period of cyl-
inder oscillation are showed in Fig. 7.

4 Conclusions

In the present study, we developed an immersed boundary
technique using a virtual force method to deal with solid–
fluid interaction. The Navier–Stokes equations are solved
using the projection method with two intermediate veloci-
ties. The second-order Adam–Bashford scheme is used for
the temporal discretization while the second-order central
difference and upwind scheme are used for the spatial dis-
cretization of diffusive and convective terms, respectively.
Our simulations for some benchmark problems covering both
stationary and moving object have showed that the proposed
method has the capability to handle solid–fluid interaction
problems. Finally, we found that the proposed method is easy
to be implemented in simulations of fluid–solid interactions.
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